Perturbation expansions of solutions for a uniform, thin, linear elastic ring perturbed by point masses and radial massless springs are developed. The perturbation locations divide the ring into uniform segments so a variational formulation is used to determine the boundary conditions that must be satisfied between adjoining segments. The motion of each segment can be represented as a weighted sum of the eigenfunctions for the uniform thin ring so when the boundary conditions are enforced, the resulting algebraic relations are expanded as a function of the perturbation parameter (the perturbation mass normalized by the ring mass). A series of algebraic problems are sequentially solved to yield perturbation expansions for the modal frequencies and eigenmodes.
Introduction
This paper studies the in-plane dynamics of a perturbed linearly elastic thin ring in which nonuniformities are created by point masses and massless radial springs. A perturbation approach is Nomenclature A cross sectional area g 1 mass perturbation factor E modulus of elasticity g 2 spring perturbation factor I cross section moment of inertia j √ −1 M uniform ring mass, M = 2πRAρ K nominal spring rate, K = EI R 3 N (P) null space of matrix P t time R(P) range space of matrix P u radial displacement R(P) ⊥ orthogonal complement of R(P) v weight vector dim S dimension of subspace S v k kth term in expansion for v rank(P) rank of matrix P v k l lth partition of v k P T transpose of P w tangential displacement R ring mean radius δ variational derivative R n vector with n real elements perturbation parameter R n×m n × m matrix with real elements γ weight vector scaling parameter U radial displacement eigenfunction κ time scale, κ = ρAR 4 /(EI) W tangential displacement eigenfunction ω frequency W (p) p th derivative of W with respect to θ ω k k th term in expansion for ω L Lagrangian, L = T − U ω k l k th term in expansion for T kinetic energy mode l ∈ {1, 2} U strain energy ρ material density θ angle coordinate used to determine expansions for the natural frequencies and eigenfunctions of the exact solutions of the perturbed ring. The perturbation parameter is the point mass value normalized by the unperturbed ring mass. Massless radial springs are also included in the analysis and their contribution relative to the point mass is quantified with an additional parameter. The perturbation results presented herein must be developed for specific scenarios, however, since the modes appear as degenerate pairs in the uniform ring, the common features among the various case studies are noted. The boundary conditions that demarcate uniform ring segments separated by the perturbation locations are developed using Hamilton's principle and the resulting algebraic constraints on the eigenfunction weights are expanded in the perturbation parameter and sequentially solved. The case studies consider single-and two-mass perturbations and a mass-spring perturbation. Frequency expansions are developed through order-3 and are shown to accurately predict the perturbed frequencies for large perturbations. Finite element analysis (FEA) of a thin ring are taken as the benchmark, and the results are also compared with Rayleigh-Ritz analysis using up to twenty basis functions.
The in-plane equations of motion for a ring were developed more than one century ago [1, 2] but analysis since the 1980's has focused on the dynamics of nonuniform rings since they represent more realistic structures. The analysis tool for most of these studies is the Rayleigh-Ritz method (eg. [3, 4, 5, 6] ) in which a certain number of eigenfunctions of the uniform ring are used as a solution basis. Other researchers have proposed more complicated basis functions for capturing the motion of an imperfect ring and allow general, distributed perturbations [7, 8] . For sufficiently small imperfections, many of these references also address the frequency trimming problem in which it is desired to reduce the frequency difference between a detuned pair of modes. The frequency trimming problem has recently received renewed interest from the sensor community because fabrication techniques now permit the creation of precision planar micro-scale resonant structures. For example, axisymmetric resonators have been recently reported [9, 10, 11, 12, 13] .
The residual frequency difference after fabrication is large enough to warrant trimming, however, for these resonators the fabrication processes are still not sufficiently developed to permit manipulation of the resonator mass distribution so no experimental trimming results have been reported. Examples in which the experimental reduction of the modal frequency differences have been achieved are given in [14, 15] . In the latter reference, the Rayleigh-Ritz analysis from [5] was adapted to create an iterative frequency trimming procedure that employs mass deposition on a planar microscale resonator consisting of multiple nested rings. Using the same resonator design, a tailored etch technique has also produced trimmed devices [16] . This paper does not address the frequency trimming procedure, however, it is shown in the case studies where comparison with finite elements is possible that accurate prediction of the perturbed natural frequencies is achieved for large perturbations. Connections with the frequency trimming problem will be pursued in the future and will have relevance to resonators with large initial differences between the pairs of model frequencies, eg. [17] . Although only the effect of point masses and radial restoring force springs are analyzed, they are good approximations of the mass deposition, targeted etch techniques and electrostatic "springs" that have been employed to modify the dynamics of micro-scale resonators.
The paper is organized as follows. Sec. 2 discusses the derivation of the boundary conditions created between ring segments due to point mass or radial spring perturbations. Sec. 3 solves the sixth order differential equation for a uniform ring in order to determine the complete set of eigenfunctions. Sec. 4 discusses the series of algebraic problems that are derived by expanding the relations between the eigenfunction weights in the perturbation parameter and considers case studies involving single mass, dual mass and mass-spring perturbations. Sec. 5 considers a thin silicon ring for the case studies and compares the perturbation results to Rayleigh-Ritz analysis and to finite elements. The ring parameters approximate a single ring of the resonator studied in [15] . Sec. 6 concludes the paper.
Ring equation and boundary conditions
The equation of motion and boundary conditions for a uniform ring that is perturbed by a point mass and a co-located massless spring exerting a radial force are derived using Hamilton's principle. The uniform ring is defined by the parameters ρ, A, I, R, and M which are the material density, cross sectional area, cross section moment of inertia, mean radius and total mass of the ring, respectively. The ring's radial and tangential displacements, denoted u(θ, t) and w(θ, t), respectively, are dependent on the angle variable θ and the time variable t. The mass of the pointmass perturbation is g 1 M and for the boundary condition derivations its location is taken to be θ = 0 without loss of generality, which is equivalent to θ = 2π radians due to the periodic structure of the ring (see Fig. 1 ). The spring stiffness is given by g 2 K. The parameter is used to generate a perturbation expansion of the exact solution of the perturbed ring, and the parameters g 1 and g 2 are used to modify the relative contributions of the perturbing mass and spring. The cases when there are more than one mass or spring perturbation can be simply extended from the analysis presented herein. Furthermore, if the mass and spring are not co-located then g 1 or g 2 can be set to zero to obtain the desired case. The standard thin ring equation of motion governs the segments between the perturbation locations and the derived boundary conditions specify relations angle reference (✓ = 0) ✏g 1 M ✏g 2 K Figure 1 : Point mass perturbation with co-located spring applied to a thin uniform ring.
between the solutions for each segment. In order to apply Hamilton's principle, the kinetic and strain energies for the Lagrangian functional must be determined.
The Lagrangian functional is L = T − U, where T and U are the kinetic energy and strain energy, respectively. The kinetic energy T is composed of the kinetic energy of the ring and the kinetic energy of the mass perturbation located at θ = 0
The strain energy of the ring is computed (see [18] ) and summed with the strain energy of the spring,
The following small angle approximation is employed which provides a kinematic constraint between the radial and tangential velocities at a point: u(θ, t) = ∂w ∂θ (θ, t). Hamilton's principle is applied to the Lagrangian to determine the governing equation of motion and the boundary conditions. The Lagrangian functional variation is given in Appendix A where the equation of motion and boundary conditions are developed in terms of the tangential velocity w. The equation of motion is
Harmonic ring motion is assumed so w(θ, t) = W (θ)e jωt , where W denotes the mode shape associated with natural frequency ω. The following notation is also used for the p th derivative of 
The remaining natural boundary conditions given by Eqs. (A.6), (A.7) and (A.8) yield
Ring eigenfunctions
The following differential equation is derived from Eq. (3) and may be solved for the ring eigenfunctions,
The characteristic equation associated with Eq. (6) is
in which only the even powers of λ are present. A natural change of variable is α = λ 2 , which converts Eq. (7) into a third order equation for which closed-form solutions exist,
where κ = ρA
EI . Note that κω represents a non-dimensional frequency. The discriminant of Eq. (8) is
and has three real roots
The discriminant is positive (∆ > 0) when 0 < (κω) 
Eigenfunctions for n = 2
The sign of the discriminant determines different families of eigenfunctions, however, for the uniform thin ring, all eigenfunctions are of the form cos(nθ + ψ), where n = 2, 3, 4, . . . , and ψ is an arbitrary phase. The closed-form expression for the ring natural frequencies is ω 2 = n 6 −2n 4 +n 2 n 2 +1 EI ρAR 4 [19] . Thus, for n = 2, there exists a degenerate pair of modes with natural frequency ω 2 0 = 36EI 5ρAR 4 . Subsituting (κω 0 ) 2 = 36/5 into Eq. (9) shows that the discriminant is negative when n = 2, which implies Eq. (8) has one real negative root and a complex conjugate pair of roots. Thus, in the perturbed ring, the six roots of Eq. (7) can be parameterized as {±ja, ±b ± jc}, where a, b and c are real-valued parameters that are dependent on the perturbed natural frequency ω. The corresponding eigenfunctions from Eq. (6) are given by W (θ) = e ±jaθ and W (θ) = e (±b±jc)θ , which can be equivalently expressed as the following set
The perturbed natural frequencies are represented by regular perturbation expansions in the parameter , in other words,
Using this representation, the roots of Eq. (7) are also expressed as perturbation expansions. The series for the a, b and c parameters are determined to be
Symbolic computation software is used for these calculations [20] .
The general solution for the perturbed ring is a weighted sum of the eigenfunctions in Eq. (10), in other words,
, where the set of weights {v p } will be determined by enforcing the constraints in Eq. (4) and Eq. (5). The process for finding these weights, and values for ω 1 , ω 2 and ω 3 are described in Sec. 4.
Eigenfunctions for n > 2
When n > 2, the discriminant is positive and Eq. (8) has three real roots, one of which is negative. Thus, the roots of Eq. (7) can be parameterized as {±ja, ±b, ±c} which yields the following eigenfunctions,
Just as for the n = 2 case, the parameters a, b and c can be written as a perturbation expansion in .
These expansions are given in Appendix B for n = 3, 4, 5.
Perturbation expansions of solutions
This section develops perturbation expansions of the solutions for number of perturbation scenarios. The first case, a single mass perturbation and no spring perturbation, is developed in Sec. 4.1. The details are given for n = 2 modes in Sec. 4.1.1, and the n = 3 modes are studied in Sec. 4.1.2. Dual-mass perturbation scenarios are studied in Sec. 4.2 and a non co-located spring-mass perturbation is discussed in Sec. 4.3.
When there are p > 0 distinct perturbation locations, then there are p ring segments governed by Eq. (3), so each segment can be expressed as a sum of the appropriate eigenfunctions (either Eq. (10) or Eq. (13)) with an associated weight vector. Thus, there are 6p constraints generated by enforcing boundary conditions between each segment for a total of 6p weights. Since the weights appear linearly in the constraints, the constraint equations can be generically written as Av = 0
where A ∈ R 6p×6p and the weights are collected into the vector v ∈ R 6p . A perturbation expansion of the expressions for the modal frequencies and eigenfunctions is derived by expanding A and v with respect to :
, . . .
A k depends on frequency expansion terms ω p , p = 0, 1, . . . , k. Thus, the following set of hierarchical algebraic problems is solved for every perturbation scenario
. . . are affine functions of ω 1 . Thus, simple expressions can be derived for determining ω 1 . In fact, as A k is an affine function of ω k , expressions for ω k are at most quadratic. In the case studies that follow, the natural frequency expansions are computed through order 3 .
Single mass perturbations

n = 2 case
Consider the case of a single point mass perturbation (g 1 = 1, g 2 = 0) located at θ = 0. For the n = 2 modes, the constraints in Eq. (4) and Eq. (5) yield six equations for the six to-be-determined weights {v 1 , . . . , v 6 } associated with the n = 2 eigenfunctions as shown below
(1)
In this case, A ∈ R 6×6 matrix derived from Eq. (19) and v = [v 1 , . . . , v 6 ] T ∈ R 6 is the non-zero weight vector. For example, when the eigenfunctions are defined as shown in Eq. (10), the first row
As noted in Sec. 3, the parameters a, b and c are functions of because they are related to the roots of the perturbed characteristic polynomial (see Eq. (12)). Symbolic calculation yields the matrices
. . , but because of their structure, it is useful to partition these matrices as follows: 
where the known zero partitions have been inserted. Let the columns of
Left-multiplication of Eq. (20) by 
At these two values of κω 1 , rank A 1 1 A 0 2 = 5, so solutions for v 0 1 and v 1 2 , denotedṽ 0 1 and v 1 2 , respectively, are unique up to a scaling,
Theṽ 0 1 partitions are normalized to unit length and this sets the scaling for all subsequent elements of the series for the weight vector. Note that the leading order terms imply that the tangential motion for a perturbation at θ = 0 are close to sin(2θ) and cos(2θ). Thus, one radial antinode is essentially aligned with the perturbation location at θ = 0 • and the other antinode is located near 45 • .
The perturbed natural frequencies up to order 2 can be computed from Eq. (17), rewritten below with the partitions,
The unknown weights v 2 2 and v 1 1 are gathered into a single vector as follows,
When κω Thus, the eigenfunction weights satisfying Eq. (23) are
where γ is a real parameter. The least norm solution associated with κω The frequency expansion is computed up to 3 since this will yield accurate estimates of the perturbed modal frequencies even for relatively large perturbations. Expanding Eq. (18) into its partitions yields,
The 
The role of γ will now be clarified in Eq. (25). Note that left-multiplication of Eq. (26) by P T 1 eliminated v 3 1 , v 3 2 , γ, and v 2 1 . Define P 2 ∈ R 6 such that P 1 and P 2 form a basis for R(A 0 2 ) ⊥ (this subspace is also spanned by the columns of P 0 ). Then, left-multiplication of Eq. (26) by P
The solution for v 2 1 can be written as a function of two parameters. First, letṽ 2 1 represent the least-norm solution to Eq. (29) when γ = 0, that is,ṽ 2 1 satisfies
It can be shown that the dimension of N (P T 2 A 1 1 ) is one, so let u be its basis vector. All v 2 1 solutions of Eq. (30) can be expressed asṽ 2 1 + αu, where α is a free parameter. If γ = 0, theñ
This is shown by first noting P
from which Eq. (31) follows. Gathering these results, the coefficient vector associated with a given frequency expansion is
which is rearranged to
Although only the first few terms in the eigenfunction weights have been calculated, it appears that γ merely scales the entire weight vector. So despite the fact that the leading order term [ṽ 0 1 0] T was normalized to have unit length, if γ = 0 the norm of this term is actually 1 + γ, and the other terms are also scaled by this factor as well. Thus, γ can be chosen to be zero without loss of generality.
n = 3 case
The analysis for the n = 3 pair of modes follows the same sequence of steps as the n = 2 analysis with the exception that the eigenfunction basis is now given by Eq. 
Comparisons of the perturbed frequencies are made with FE and approximate methods in Sec. 5.
Dual-mass perturbations
The case in which two identical masses are placed approximately 45 • apart is addressed in this section. The analysis is performed for the n = 2 modes. The modal frequencies detune for finite perturbations when the masses are exactly 45 • apart. Furthermore, when the masses are close to, but not exactly, 45 • apart, the modal frequencies initially detune as is increased, become degenerate, and then detune again. 
T . The following can be shown
Thus, rank (A 0 ) = 10, and since the first constraint is
and is determined after further analysis. Eq. (16) is
where v 1 is also partitioned as shown. Reusing notation from Sec. 4.1.1, let P 0 ∈ R 12×2 be defined such that its columns span R(A 0 ) ⊥ . Left-multiplying Eq. (33) by P T 0 yields the following expression involving κω 1 , 
Solutions for v 0 1 will exist when the matrix multiplying it is singular. This yields the following values for κω 1 ,
at which the matrix is rank 1. The values for κω 1 are substituted into Eq. (33), which, after some rearrangement yields,
and because the matrix multiplying the coefficient vector is rank 11, the solution vector is unique up to a scaling. The weight vectors associated with κω 
The weight vectors are scaled so that theṽ 0 1 partition has unit norm. The tangential displacement will be dominated by W (θ) = −0.69466 cos(2θ)+0.71934 sin(2θ) and W (θ) = 0.71934 cos(2θ)+ 0.69466 sin(2θ) which implies the radial displacement U = dW/dθ will be proportional to The expression for determining κω 2 is determined by considering the 2 terms (Eq. (17)) and using the fact that v 0 2 = v 0 4 = 0,
The left-most matrix is rank 11 at {κω 1 1 , κω 1 2 } and the orthogonal complement of its range is spanned by the vector P 1 ∈ R 12 . Left-multiplying Eq. (38) by P T 1 yields a scalar expression involving κω 2 ,
Evaluating Eq. (39) at κω 1 1 yields ω 2 1 = 9.2098, and at κω 1 2 yields κω 2 2 = 6.5597. The process for solving the equation associated with 3 is similar to the single mass perturbation case and leads to analysis of
Left-multiplication of Eq. (40) by P 
which is singular at only one value of κω 1 , namely κω 1 1 = κω 1 2 = −2.6833. In this case the matrix multiplying v 0 1 evaluates to zero. Thus, dim N (
Eq. (35). Let u 1 , u 2 ∈ R 12 form a basis for this null space and, furthermore, let the columns of
where u 1 and u 2 are partitioned in the same manner as the solution vectors, and where α and β represent real parameters which will be determined at the next stage of analysis.
Left-multiplying Eq. (38) by P T 1 yields the analog of Eq. (39),
This expression is rearranged to
When computing u 1 , u 2 and P 1 from a singular value decomposition of (A 1 1 +A 1 Thus, the tangential displacements associated with the modes are dominated by W (θ) = cos(2θ)+ sin(2θ) and W (θ) = − cos(2θ) + sin(2θ), which implies the radial displacements with the slightly detuned modes will be proportional to U (θ) ∝ − sin(2θ)+cos(2θ) and U (θ) ∝ sin(2θ)+cos(2θ).
The antinodes of the radial displacement subtend 45 • but one antinode at θ = 22.5 • is located between the perturbation locations.
Mass-spring perturbation
This section considers a mass perturbation located at θ = 0 • and a radial spring perturbation located at θ = 45 • . The objective is to choose the spring parameter g 2 such that the first-order expansion values for the perturbed n = 2 modal frequencies are equal, i.e. ω 1 1 = ω 1 2 (the mass parameter g 1 is taken to be unity). This will guarantee that the n = 2 modes will be essentially tuned for sufficiently small , however, the behavior of the eigenfunction weight vector is of particular interest in this scenario. It will be shown that like the dual mass perturbation case, the leading order terms in the eigenfunction weight vector demonstrate that the anti-node orientations of the modes do not coincide with the {0 • , 45 • } locations of the perturbations.
The nominal spring rate is the ring bending stiffness K = EI/R 3 . A single radial spring affects only one modal frequency in the unperturbed ring. When g 1 = 0 and g 2 = 1, the following expansion parameters are derived,
where κω 1 2 is associated with the perturbed mode whose radial displacement antinode is aligned with the spring at θ = 45 • . On the other hand, a single mass perturbation at θ = 0 • decreases both modal frequencies (see Eq. (21)),
The perturbations of the modal frequencies are additive at this order, so a simultaneous perturbation with a mass located at θ = 0 • and a radial spring at θ = 45 • yields
where g 1 = 1 and g 2 remains a parameter. By selecting g 2 = −33.929 (a negative spring stiffness),
1466, so for sufficiently small the modal frequencies can be considered degenerate.
The weight vectors for the perturbed modes are of interest, however, analysis of A 0 v 1 +A 1 v 0 = 0 yields κω 1 1 = κω 1 2 = −2.1466 as constructed above but not the leading-order terms in the weight vector, v 0 . In order to compute the weight vector, Eq. (35) is analyzed for this case. Since
vector is parameterized using the same form as Eq. (41) but only the first partitions are reported because they determineṽ 0 1 , 
where theṽ 0 1 are normalized to unit norm. This result demonstrates that for arbitrarily small but non-zero , the leading order terms in the eigenfunction weights are orthogonal, which implies the antinodes associated with the modes subtend 45 • , however, the antinodes are not aligned with the perturbation locations. The tangential displacements are dominated by the these leading order terms and are given by W (θ) = 0.81285 cos(2θ) + 0.58247 sin(2θ) and W (θ) = −0.58247 cos(2θ) + 0.81285 sin(2θ). Thus, the radial displacements U will be proportional to U (θ) ∝ −0.81285 sin(2θ) + 0.58247 cos(2θ) = cos (2(θ + 27.2π/180)) U (θ) ∝ 0.58247 sin(2θ) + 0.81285 cos(2θ) = cos (2(θ − 17.8π/180)) .
Comparison with other analyses
The perturbation results are compared to Rayleigh-Ritz analysis when the basis functions are selected to be W (θ) = k (α k cos(kθ) + β k sin(kθ)), for k = 2 (two-term), and for k = 1, . . . , 10 (twenty-term). These basis functions satisfy the essential boundary conditions (continuity up to second derivative of the tangential displacement). The objective is to minimize the Lagrangian functional L with respect to basis function coefficients [21] . The resulting general- greater simplicity for predicting the perturbed modal frequencies. This simplicity is advantageous when deriving a trimming procedure for reducing the modal frequency difference in ring resonators as described in [5] . Although the perturbation analysis appears to show greater predictive capability for large perturbations, especially with multiple masses, an effective trimming procedure based these results is still to be developed.
The discrepancy between the perturbation results and Rayleigh-Ritz analysis for large perturbations can be attributed to the fact that the third and fourth derivatives of the radial displacement with respect to θ are not continuous because of the boundary conditions in Eq. (5) (equivalent to the fourth and fifth derivatives with respect θ for the tangential displacement W ). The discontinuity is proportional to and is essentially "built in" the perturbation solution. As the perturbation magnitude increases, the discontinuity becomes more severe, and the Rayleigh-Ritz basis functions, which have continuous derivatives of all orders have greater difficulty in approximating W (4) and W (5) in a neighborhood of the perturbation locations.
Conclusion
Perturbation expansions of the solutions of an imperfect ring have been developed for several case studies when the perturbations are constrained to be point masses and massless radial springs.
Although each perturbation scenario is solved on a case-by-case basis, a general procedure is outlined for determining the expressions that yield the successive terms in the frequency expansions.
Boundary conditions are determined that must be satisfied by the uniform ring segments that lie between the perturbation locations and the motion of these segments is represented as a weighted sum of the eigenfunctions for the uniform thin ring. The eigenfunctions, natural frequencies and weights are all functions of the perturbation parameter, , which is the perturbing mass normalized by the ring mass. The expansions yield successive algebraic problems that are solved for a single perturbing mass, two masses with a varying angle between them, and a mass-spring perturbation.
Rayleigh-Ritz analysis of the case studies using two-and twenty-term bases are also reported. For mass perturbations less than a few percent of the ring mass, all techniques yield essentially the same results, however, for larger mass ratios, the perturbation analysis more closely follows the finite element results in the two-mass cases.
Appendix A. Derivation of boundary conditions
Hamilton's principle is applied to the Lagrangian L in order to derive the boundary conditions created by a point mass and radial spring perturbation co-located at θ = 0 • . The variation of L is summarized below,
By grouping terms associated with δw(θ, t), fundamental lemma of calculus of variables yields the equation of motion for the ring given in Eq. (3), which is equivalent to the equation of motion derived from the Newtonian approach [19] .
The continuity of the radial and tangential motion and their derivatives at θ = 0 or θ = 2π dictate the continuity of u(θ, t), ∂u ∂θ (θ, t), w(θ, t) and dw dθ (θ, t) at that point so there are three essential boundary conditions
The remaining natural boundary conditions are derived from Eq. (A.1) by gathering various terms.
Noting δw(0, t) = δw(2π, t) yields
and The first two columns of matrix A 2 are grouped into one sub-matrix A 2 1 and is function of the first two deviation terms in the frequency expansion κω 1 and κω 2 . 
The partitions A 2 2 and A 3 1 are necessary for computing the perturbed frequencies though 3 , but due to their lengthly nature, they are not included in this appendix.
